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Abstract: We investigate a curved brane-world, inspired by a noncommutative D3-brane, in a
type IIB string theory. We obtain, an axially symmetric and a spherically symmetric, (anti) de
Sitter black holes in 4D. The event horizons of these black holes possess a constant curvature and
may be seen to be governed by different topologies. The extremal geometries are explored, using
the noncommutative scaling in the theory, to reassure the attractor behavior at the black hole
event horizon. The emerging two dimensional, semi-classical, black hole is analyzed to provide
evidence for the extra dimensions in a curved brane-world. It is argued that the gauge nonlinearity
in the theory may be redefined by a potential in a moduli space. As a result, D = 11 and D = 12
dimensional geometries may be obtained at the stable extrema of the potential.
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1. Preliminaries
1.1 Introduction
In the recent years, considerable amount of interest has been devoted to the construction of meta
stable de Sitter (dS) vacua in quantum gravity [1]-[2]. The primary difficulty is due to the fact that
the complete event horizon in dS black hole is not accessible to an observer due to its hyperbolic
geometry. Nevertheless, the construction of dS vacua has been achieved by taking into account
a small number of D3-branes along with the AdS vacua in a type IIB string theory [3]. On the
other hand, anti de Sitter (AdS) spaces are well understood in a string theory due its established
correspondence with the gauge theory at its boundary [4, 5].
In the context, the the nonlinear electromagnetic (EM-) field on a D3-brane turns out to be
a potential candidate to address some of the quantum aspects of gravity [6]. In fact, a consistent
noncommutative deformations of Einstein gravity has been the subject of interest in the recent
literature [7]-[20]. For a recent review see [21].
Very recently, we have obtained an extremal dS geometry by analyzing the tunneling between
AdS and dS black holes in a curved D3-brane frame-work [20]. In this paper, we incorporate the
formalism of a noncommutative brane-world to construct various dS and AdS black holes with
different topologies of its event horizons. In particular, we revisit a curved brane-world [13]
underlying a noncommutative U(1) gauge theory on a D3-brane [22]. We obtain generalized dS4
and AdS4 geometries leading to an axially symmetric and a spherically symmetric black holes.
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The solutions are shown to be characterized by the effective parameters such as ADM mass and
electric or magnetic charge, in addition to the cosmological constant Λ and topology determining
parameter k. The effective mass and charge are argued to incorporate all order corrections in
the noncommutative parameter Θ. We analyze the gravity decoupling regime initiated by the
Hawking radiation phenomenon from the generalized black holes. A noncommutative scaling
[11] limit, generated in the frame-work, is explored to obtain the low energy gravity regime. In
fact, the decoupling regime is analyzed carefully to describe various extremal monopole black
hole geometries in presence of a cosmological constant. It is shown that the extremal geometries
lead to govern a 2D large dS black hole in the frame-work, as the multiple gauge charges reduce
the radius of S2 to a vanishingly small value. A relation between the scalar moduli and the
EM-charges in the theory is established at the event horizon of the black holes to reconfirm the
attractor behavior there. The extremal black holes are analyzed for the effective gravitational
potential to argue for the presence of extra dimensions in a curved brane-world. The Hawking
radiation phenomenon, leading to a series of geometric transitions, is analyzed to argue for the
existence of D = 11 and D = 12 extremal geometries. They may correspond to various relevant
extrema of an effective potential governing the gauge nonlinearity in the moduli space.
We plan the paper as follows. In section 1.1, we present the preliminaries to noncommutative
brane-world formalism. The generalized axially symmetric and spherically symmetric static 4D
black holes are obtained respectively in section 2.1 and 2.2. Hawking radiation leading to extremal
geometries are discussed in section 3.1 and 3.2. The hint for large extra dimensions leading to a
5D space-time is conceived in section 3.3. and for higher dimensions is described in section 3.4.
Finally, we conclude the paper in section 4.
1.2 Noncommutative brane-world
We begin by considering a D3-brane in the background of an 5D generalized black hole geometries
[13]. Following the prescription, we consider the brane as the boundary of the AdS5 geometry. In
fact, the interpretation has been shown to be in precise agreement with the AdS/ noncommutative
gauge theory correspondence [23, 24, 25]. The induced metric gµν on the boundary ∂M is not
completely constant, rather it takes into account the dynamical aspects of gravity in the bulkM.
In other words, the boundary dynamics is not independent of that in the string bulk. However,
for simplicity we consider a constant gµν and a constant induced antisymmetric field bµν on the
brane. Then, the D3-brane dynamics can be approximated by
SD3 = −TD3
∫
∂M
d4x
√
g + F¯
= −
∫
∂M
d4x
√
g
(
TD3 −
1
4
F2 + 1
8
F F+ F2− K2(F)
)
, (1.1)
where TD3 is the D3-brane tension and g ≡ det gµν . The U(1) gauge invariant field strength can
be expressed as Fµν = (2πα′)−1bµν+Fµν . In addition, F± = (F±∗F) and K(F) takes account of
all the higher order F-terms in the action. The Minkowski inequality in the theory incorporates
the self-duality condition between the EM-fields, i.e. |E| = |B|, in the world-volume theory. As a
result, the brane dynamics turns out to be exact to all orders in F . Then, the brane action can
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be re-expressed as
SD3 = −
∫
∂M
d4x
√
g
(
λb − 1
4
FµνF
µν
)
, (1.2)
where λb is a constant. In fact, λb can be identified with the brane tension TD3 in absence of the
b-field. However in presence of a significant bµν , the second term in the action (1.1) can be seen
to dominate over the first there, In that case, the constant may be expressed as λb = −14bµνbµν .
Often λb is ignored in the gauge theory, as it does not lead to any dynamics. However, in presence
of the dynamical gravity, i.e. in a curved D3-brane frame-work, it can be seen to be associated
with a significant notion of a (bare) cosmological constant.
Interestingly, the analysis for the U(1) gauge dynamics (1.2) goes through a noncommutative
D3-brane. Using the Seiberg-Witten map [22], the boundary dynamics can be transformed to a
noncommutative U(1) gauge dynamics on a D3-brane. Then, the noncommutative gauge theory
on the D3-brane can be approximated by the Dirac-Born-Infeld dynamics. It is given by
SD3 = −
∫
∂M
d4x
√
G
(
λb − 1
4
GµλGνρ Fˆµν ⋆ Fˆλρ
)
, (1.3)
where λb is the brane tension and G ≡ detGµν . The Moyal ⋆-product accounts for the non-
locality, which is due to the infinite number of derivatives there. Importantly, the gravitational
back reaction has been incorporated into the effective theory, which is apparent from the definition
of the modified metric
Gµν = (gµν − [bg−1b]µν + [bg−1b bg−1b]µν + . . .) . (1.4)
Using the modified metric, the noncommutative gauge potential and the corresponding EM-field
can be seen to receive higher order corrections in b-field. Explicitly the B or E-field in the effective
theory is given by
E˜ =
[
E2
1 + E2
]1/2
. (1.5)
Since a D-brane governs the boundary dynamics of an open string, the relevant gravity dynamics
in its bulk may be incorporated into a curved brane along with the gauge dynamics of a D3-
brane. The formulation inspires one to seek for a fundamental theory [26] in presence of a three
brane, such as D=12 constructions [27]-[30]. However our starting point, in this paper, lies in the
bosonic sector of D = 10 type IIB string theory on K3 × T 2. Ignoring the Chern-Simons terms,
the relevant 4D effective string dynamics in Einstein frame may be given by
Sst = −
∫
d4x
√
G˜E
(
1
16πGN
R−2(∂φ)2−1
2
F
(k)
1 CklF
(l)
1 −
1
2 · 2!F
(i)
2 DijF
(j)
2 −
Z
2 · 4!F
(m)
4 LmnF
(n)
4
)
,
(1.6)
where (Ckl, Dij ,Lmn) govern the appropriate moduli coupling to the gauge field of various ranks
and Z is a normalization constant. Then, the nontrivial four form energy density can be given by
a potential in the moduli space
V4(φ) =
Z
48
F
(m)
4 LmnF
(n)
4 . (1.7)
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Now, the curved D3-brane dynamics is obtained by coupling the noncommutative D3-brane (1.3)
to an effective string theory (1.6). In a static gauge, the complete dynamics of a curved D3-brane
can be given by
S = −
∫
d4x
√
G
(
1
16πGN
(R− 2Λ)− 2(∂φ)2 − 1
2
F
(k)
1 CklF
(l)
1 −
1
4
DpqF
(p)
2 ⋆ F
(q)
2
)
, (1.8)
where
Λ(φ) = 8πGN ( V4(φ)− λb ) . (1.9)
λb can take a large constant value as it can be seen to be controlled by an U(1) gauge non-linearity
in the theory. The multiple four forms in the theory together with the brane tension, redefine the
vacuum energy (1.9). Since an explicit membrane dynamics is absent in the frame-work (1.8), the
(multiple) four form equations of motion are worked out to yield
∂µ
(√
G LmnF
(n)
µνλρ
)
= 0 . (1.10)
For stable minima in V4(φ), the Lmn takes a constant value. Then, the solutions to the equations
of motion are given by
F
(n)
µνλρ = λ
(n)ǫµνλρ , (1.11)
where λ(n) are constants and ǫµνλρ is a totally antisymmetric tensor. For stable minimum, Λ(φ)
takes a constant value and is given by
Λ(φ)→ 8πGN
(
Z
2
n∑
n′=1
[
λ(n
′)
]2
− λb
)
. (1.12)
It implies that the multiple four-forms along with the gauge non-linearity could possibly reduce
the effective cosmological constant (1.12) to a small value in 4D. In fact, a constant Λ can also be
argued, when the moduli fields Lmn are attracted toward a fixed point, i.e. at the event horizon
of the black hole, in a curved D3-brane frame-work. The equations of motion for the effective
gravity, scalar and multiple gauge fields are worked out, respectively, to yield
Rµν − ΛGµν = 8πGN
(
4∂µφ∂νφ + Tµν + Dij T
(ij)
µν
)
,
∂µ
(√
G ∂µφ
)
=
1
16
√
G
∂Dij
∂φ
F
(i)
2 F
(j)
2
and ∂µ
(√
G Dpq Fˆ
(q)µν
)
= 0 . (1.13)
Where Tµν and T
(ij)
µν , respectively, denote the energy-momentum tensors in the D3-brane and in
the effective string theories. In principle, the noncommutative D3-brane can be replaced by its
ordinary counter-part to describe a curved D3-brane. A priori, the action (1.8) with Gµν→gEµν
and Fˆµν→Fµν can be seen to accommodate an additional term, which is given by
Sg =
1
4
bµν
∫
d4x
√
gEAν∂µ(gE)λρ(g
E)λρ . (1.14)
However, the equations of motion (1.13) are not modified with the ordinary U(1) gauge dynamics
in the curved brane theory. In general Qˆ(m) = (1/4π)
∫
S2
⋆F
(m)
2 denote the effective magnetic or
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electric charges for m = (1, 2, 3 . . .). The potential, between moduli and second rank gauge fields
in (1.8), becomes
V2(φ) = −
[
Qˆ2eff +Q
(i)DijQ
(j)
]
, (1.15)
where Qˆeff and Q
(i) denote the electric (or magnetic) charges, respectively, on the brane and in
the effective string theory.
Now, we consider a gauge choice Giα = 0, for (α, β) ≡ (x4, x1) and (i, j) ≡ (x2, x3). Then, the
action (1.8) is simplified using a noncommutative scaling [11]. The scaling incorporates vacuum
field configurations for some of the fields and they are
∂αhij = 0 , Rh¯ = 0 , ∂αϕ
(m) = 0 and F
(p)
αβ = 0 . (1.16)
The relevant curved brane dynamics is governed by its on-shell action and is given by
S = −
∫
d2x(α)d2x(i)
√
h¯
√
h
[
1
16π
(Rh − 2Λ) + 1
64π
hij∂ih¯αβ∂j h¯γδǫ
αγǫβδ
−2hijCmn∂iϕ(m)∂jϕ(n) − 1
2
h¯αβhijDpqFˆ
(p)
αi ⋆ Fˆ
(q)
βj
]
, (1.17)
where Cmn and Dpq for p, q = (1, 2, . . . i, i + 1) are the appropriate moduli couplings and ϕ
(m)
take into account the dilaton and axions in the theory.
2. Static dS and AdS geometries in 4D
2.1 Axially symmetric black holes
In the case, we consider a constant scalar moduli in the theory (1.17) and restrict the EM-field
on the brane only, i.e. Qˆ 6= 0 and Q(i) = 0. The anstaz for the gauge field Aˆµ ≡ (Aˆt, Aˆr, 0, 0) is
given by
Aˆt = −Qˆeff sin θ cosφ and Aˆr = Qˆeff sin θ sinφ . (2.1)
The non-vanishing components of the self-dual EM-field are
Eˆθ = Bˆθ =
Qˆeff
r
cosφ and Eˆφ = Bˆφ = −Qˆeff
r
sinφ . (2.2)
The general ansatz for a static and axially symmetric metric in the frame-work can be given by
ds2 = −f dt2 + f−1h21 dr2 + f−10 h21 dθ2 + f−10 h22 sin2 θ dφ2 , (2.3)
where (f, f0, h1, h2) are arbitrary functions of (r, θ). Then, the independent components of Rici
tensor in the theory can be expressed in terms of these arbitrary functions and a constant potential
V2(ϕ0). The metric components are worked out to O(G2N ) and they are given by
f =
(
k − Λ
3
r2 − 2ΛMeff
r
P2(cos θ) +
2Ceff
r3
− C˜1
r3
sin2 θ
)
,
f0 =
(
1 +
2Ceff
r3
− C˜2
r3
sin2 θ
)
,
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h1 =
(
r2 − 2Ceff
r
+
C˜3
r
sin2 θ
)1/2
and h2 =
(
r2 − 2Ceff
r
+
C˜4
r
sin2 θ
)1/2
, (2.4)
where k takes constant values (+1, 0,−1) and governs the constant curvature geometry at the
event horizon of a black hole (2.3). The remaining parameters Ceff = (MeffQ
2
eff) and C˜l, for
l = (1, 2, 3, 4), may be identified with the appropriate mass terms, of the order O(G2N ), arising
out of the EM-field in the theory. Explicitly, the effective parameters governed by the ADM mass
and charge of the black hole can be obtained from ref.[13] and are given by
Meff = (GNM)
[
1− Θ
r2
+O(Θ2)
]
and Qˆeff = (Qˆ
√
GN )
[
1− Θ
2r2
+O(Θ2)
]
. (2.5)
The black hole geometries (2.3) are characterized by four independent parameters (k, Λ, Meff and
Qˆeff) and they incorporate all order corrections in Θ. However, the black hole geometries appear
to be sensitive to the order of Newton’s constant in the theory. To O(G2N ), the geometry governs
an axially symmetric charged black hole, while to O(GN ), it retains the spherical symmetry. The
horizon radius is determined by f(r, θ) = 0. Interestingly, there are three horizons in dS2 × S2
geometry. They are characterized by a cosmological horizon rc, an event horizon r+ and an inner
horizon r−. with (rc > r+ > r−). For (M = 0 = Qˆ) and Λ 6= 0, the generic black hole geometry
naively appears to describe a pure dS with a cosmological horizon at rc = (bk
1/2), which is also
formally known as the dS radius. Similarly, for (M 6= 0, Qˆ 6= 0) and Λ = 0, the geometry
corresponds to a generalized dS RN-like black hole with horizons at
rdS± =Meff ±
√
M2eff − kQˆ2eff . (2.6)
On the other hand, for AdS, the time coordinate turns out to be periodic i.e. tE → tE + 2πR,
where R = (bk1/2) denotes the AdS radius. For (M = 0 = Qˆ) and Λ 6= 0, the generic black hole
geometry corresponds to a pure AdS. For Λ = 0, the event horizons are at
rAdS± =Meff ±
√
M2eff + kQˆ
2
eff . (2.7)
The radius of the event horizon, for k = 1, though resembles to that of a typical Schwarzschild
black hole with rAdSh ≃ 2Meff , it governs a regular geometry there.
Now let us consider some of the interesting limits of an axially symmetric ansatz (2.3) which
leads to different kinds of black hole geometries in the frame-work. Naively, to order O(GN ), the
geometries describe the asymptotic dS and AdS black holes and retains the spherical symmetry.
They are
ds2dS = −
(
k − r
2
b2
)
dt2 +
(
k − r
2
b2
)−1
dr2 + r2 dΩ2
and ds2AdS = −
(
k +
r2
b2
)
dt2 +
(
k +
r2
b2
)−1
dr2 + r2 dΩ2 . (2.8)
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Since the noncommutativity in the frame-work can be seen to redefine the polar angle 0 ≤ θ ≤
(π/n), for a large number n [13], the θ dependence drops out from the metric (2.3). It may
alternately be achieved by C˜l = 0 for an arbitrary polar angle θ. A priori, the axially symmetric
black hole geometries may be seen to retain its spherical symmetry in the frame-work. In fact, a
careful analysis reveals that the black holes are described by their extremal geometries, i.e. M → 0.
In other words, the black holes are governed by a spherical symmetry to O(GN ) only. The
rotational symmetry comes into play in the next order O(G2N ). The correct extremal geometries,
to O(G2N ), are given by
ds2ds = −l2⊥
(
k − r
2
b2
+
Qˆ2eff
r2
)
dt2 +
(
k − r
2
b2
+
Qˆ2eff
r2
)−1
dr2 + l2L dΩ
2
and ds2Ads = l
2
⊥
(
k +
r2
b2
− Qˆ
2
eff
r2
)
dt2E +
(
k +
r2
b2
− Qˆ
2
eff
r2
)−1
dr2 + l2L dΩ
2 , (2.9)
where l⊥ and lL = rh are the associated length scales, respectively, in the transverse (⊥)- and in
the longitudinal (L)-spaces. It implies that the spherical symmetry in the metric is restored in
the extremal limit. Interestingly, for k = 1, these solutions precisely correspond to the extremal
black holes obtained from a spherically symmetric ansatz considered in ref.[20].
2.2 Spherically symmetric black holes
The generic black hole geometries may be obtained by retaining nontrivial moduli in the frame-
work This in turn can be seen to yield a nontrivial potential in the moduli space. Since the
multiple U(1) gauge fields are coupled to the moduli, their presence can be seen to be significant
in the theory. Thus, in addition to the nonlinear U(1) gauge field on the brane, there are multiple
U(1) gauge fields in the theory. The anstaz for the non-vanishing (multiple) gauge fields A(i) are
given by its ⊥-components, and they are
A
(i)
t =
Q(i)
r
and A
(i)
φ = Q
(i) cos θ . (2.10)
The EM-field(s) are given by
F (i) = Q(i)
[
1
r2
dt ∧ dr + sin θ dθ ∧ dφ
]
. (2.11)
The non-vanishing electric or magnetic field components are given by E
(i)
r = B
(i)
r = Q(i)/r2.
However the E2 there, receives correction due to the multiple gauge fields at O(G2N ). It becomes
Eˆ2 → E2 = 1
r2
(
Qˆ2eff +
G2N
r2
Q(i)DijQ
(j)
)
. (2.12)
In the case, the ansatz for a static, spherically symmetric, metric is given by
ds2 = −f dt2 + f−1dr2 + h2dΩ2 , (2.13)
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where f and h are arbitrary functions of r. The independent components of Ricci tensor in the
theory are worked out in an orthonormal basis to yield
Rtt = − f
h4
Veff(ϕ) ,
Rrr = 2(∂rϕ)
2 +
1
fh4
Veff(ϕ)
and Rθθ = − 1
h2
Veff(ϕ) , (2.14)
where Veff(ϕ) denotes the effective potential in the moduli space due to all the gauge fields and
is a redefinition of V2(φ) in eq.(1.15). It is given by Veff(ϕ) = −Qˆ(p)effDpqQˆ(q)eff . The arbitrary f(r)
is worked out to yield
f =
(
k − 2Meff
r
− Λ
3
r2
)(
1± E2)
=
(
k − 2MΘ
r
− Λ
3
r2
)
, (2.15)
where
MΘ =Meff
(
1± Qˆ
2
eff
r2
± G
2
N
r4
Q(i)DijQ
(j) + . . .
)
∓
(
k − Λ
3
r2
)(
Qˆ2eff
2r
+
G2N
2r3
Q(i)DijQ
(j) + . . .
)
. (2.16)
The moduli significantly modify the radius of S2 due to its coupling to the EM-field in the theory.
The electric (magnetic) charges there reduce the radius of otherwise S2 and the effective radius
can be expressed as
h = r eϕ(r) , where eϕ(r) =
(
e2ϕh − GN
rrh
Q(i)DijQ
(j)
)1/2
, (2.17)
where the constant ϕh is the value of ϕ at the event horizon rh. Then, the generic dS RN-like
black hole geometry, to O(GN ) in the theory, is given by
ds2 = −
(
k − r
2
b2
− 2Meff
r
+
GN Qˆ
2
r2
− ΘQˆ
2
eff
r4
)
dt2
+
(
k − r
2
b2
− 2Meff
r
+
GN Qˆ
2
r2
− ΘQˆ
2
eff
r4
)−1
dr2 + e2ϕ(r) r2dΩ2 . (2.18)
It implies that the area of the event horizon tend to shrink in presence of moduli in the theory
and the reduction in the horizon radius begins even at O(GN ). On the other hand, the moduli
corrections along (t, r)-space to the black hole geometry are at O(G2N ). It is straight-forward to
check that the dS geometry (2.18) reduces to the one obtained in an effective string theory [31]
in absence of a D3-brane and with (k = 1,Λ = 0).
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Like-wise, the generic AdS RN-like black hole geometry, to O(GN ), is worked out to yield
ds2 =
(
k +
r2
b2
− 2Meff
r
− GN Qˆ
2
r2
+
ΘQˆ2eff
r4
)
dt2E
+
(
k +
r2
b2
− 2Meff
r
− GN Qˆ
2
r2
+
ΘQˆ2eff
r4
)−1
dr2 + e2ϕ(r) r2dΩ2 . (2.19)
In presence of Θ corrections, the interesting feature of the gravity decoupling limit g → 0 can be
revisited in the formalism. In the limit, the theory is described by its low energy string modes and
hence, essentially governs a semi-classical regime. In fact, the limit can equivalently be obtained
by taking M → 0. A priori, the extremal dS2 × S2 and AdS2 × S2 geometries can be seen to be
governed by 4D black holes. However the correct geometry, in the gravity decoupling limit, turns
out to be that of an emerging two dimensional semi-classical theory within a curved D3-brane
[11, 13, 18, 20]. In other words, the Θ term acts as a propagator in an internal space between
the quantum and classical modes in the theory. It scales away the relevant quantum modes along
the S2 and leaves behind the semi-classical gravity along the ⊥-space of the brane-world.1Then
the extremal dS and AdS black hole geometries are precisely described by the eqs.(2.9). In the
context, the Hawking temperature, T
(k)
H =
1
4π [∂rf(r)]r→rh , is computed for a 4D black hole (2.19)
and is given by
T
(k)
H =
3r2h + kb
2
4πb2rh
. (2.20)
It implies that that Hawking temperature for different horizon geometries, associated with k =
(+1, 0,−1), satisfy T (1)H > T (0)H > T (−1)H . In other words, the Hawking temperature for an AdS
Schwarzschild black hole is bounded from below.
3. Extremal geometries and extra dimensions
3.1 Two dimensional black holes
The fact that S2 shrinks to zero size, i.e. h→ 0, in the semi-classical regime can be incorporated
naively into the frame-work to yield
ϕh =
1
2
ln
(
GNQ
(i)DijQ
(j)
)
− ln rh , (3.1)
Then, the emerging dS2 and AdS2 geometries is obtained in the extremal limit from eqs.(2.18)
and (2.19). They are, respectively, given by
ds2 = −
(
k − r
2
b2
+
Qˆ2eff
r2
)
dt2 +
(
k − r
2
b2
+
Qˆ2eff
r2
)−1
dr2
and ds2 =
(
k +
r2
b2
− Qˆ
2
eff
r2
)
dt2E +
(
k +
r2
b2
− Qˆ
2
eff
r2
)−1
dr2 . (3.2)
1Originally, the scaling analysis in 4D Einstein’s gravity, at Planck scale, was developed by Verlinde and Verlinde
[32]. Interestingly, in a collaboration with Maharana [33], the scaling analysis was explored to study the scattering
of non-abelian gauge particles at Planck scale.
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The event horizon equation for an dS geometry is worked out, in presence of back reaction, for
its horizon radii. They can be seen to satisfy
h2 = bQˆeff , for k = 0 .
and h2− =
Qˆ2eff
k
, h2+ =
(
b2k +
Qˆ2eff
k
)
for k 6= 0 . (3.3)
Then, the relation between the moduli and charges (3.1) is modified due to the nonlinear EM-field
contribution. Using eqs.(2.17) and (3.3), one finds
ϕh =
1
2
ln
(
bQˆeff +GNQ
(i)DijQ
(j)
)
− ln rh for k = 0
and ϕh− =
1
2
ln
(
Qˆ2eff + (kGN ) Q
(i)DijQ
(j)
)
− ln(krh) ,
ϕh+ =
1
2
ln
(
b2k + Qˆ2eff + (kGN ) Q
(i)DijQ
(j)
)
− ln(krh) for k 6= 0 . (3.4)
A similar analysis is performed for the AdS black hole and the moduli can be shown to be
expressed in terms of the EM-charges in the frame-work. It implies that the value of moduli at
the event horizon can be expressed in terms of the electric (magnetic) charges there. It reassures
the fact that the event horizons of dS and AdS black holes are attractors in a curved brane-world
frame-work as well. It is interesting to note that the 2D extremal black holes (3.2), for k 6= 0,
interchange between dS and AdS geometries under k ↔ −k. This is accompanied by the fact
that their respective topologies get interchanged, i.e. ℜ× S1 ↔ S1 ×ℜ, which may be seen to be
independent of the value of k. For instance, the semi-classical dS and AdS geometries can be well
approximated by large r to yield
ds2 =
(
−r2dt2 + dr
2
r2
)
. (3.5)
The geometry is indeed independent of the value of k. This is possibly of no surprise, as k
determines the geometry associated with a constant curvature event horizon.
3.2 Hawking radiation and geometric transitions
Let us begin this section by briefly revisiting the Hawking radiation phenomenon in dS4 (2.18)
and AdS4 (2.19) black holes leading to some of the plausible extremal geometries in the frame-
work. Interestingly, the nonlinear EM-field in a curved D3-brane frame-work may facilitates one
to view the radiation as a result of some pair production processes in vacuum. For instance, a
member from a pair created just outside an event horizon tunnels to inside at the expanse of zero
total energy. The member moving inside and away from the event horizon can equivalently be
viewed as a member, with an opposite charge, moving out of the horizon. Though a member in
a primary pair is time dilated with respect to the other pair outside the horizon, it can undergo
a pair annihilation with an opposite charge member of the secondary pair to produce a quanta
of Hawking radiation. The pair production process continues with an increase in E-field until
the critical value Ec is reached. The radiation phenomenon is primarily based on the global
conservation of energy-momentum and, a priori, it appears to be independent of the thermal
analysis. However, our recent analysis [20] suggests that thermal mechanisms do play a role to
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decouple the condensate of gauge nonlinearity from the AdS vacua in string theory. In other
words, the decoupling of tachyon condensate [34] in an open bosonic string theory, leads to the
dS vacua on the brane-world.
In the gravity decoupling regime, i.e. in the
φPhase
Hagedorn
E c
E +c
0
E
V(φ ) dS
S
AdS
RN
(F) Planck  Scale
g
(D)
0
+
Figure 1: The variation of V (φ) in the moduli
space leading to dS and AdS vacua at its minima,
respectively, in the EM-string and in the funda-
mental bosonic string sectors.
matter dominated brane-world, the figure 1 de-
picts the fact that the effective space-time is gov-
erned by the dS vacua in the Hagedorn phase of
EM-string. Interestingly, the dS vacua can tun-
nel to AdS vacua in the string theory. Though,
the Hagedorn phase is at the sub-Planckian regime
from a reference zero-point energy defined in the
underlying EM-string theory, within theD-brane-
world, it depicts the low energy regime of the fun-
damental string theory. For instance, the minima
in AdS vacua may correspond to a five dimen-
sional Schwarzschild like black hole for k = 1,
which Hawking radiates to yield a typical 4D
Schwarzschild black holes at S. Hawking radiation further incorporates geometric transitions
to yield RN-black holes, which is presumably described by the dS vacua..
Now, incorporating the decoupling of the gravity as well as the gauge nonlinearity, the black
hole geometries (2.18) and (2.19) reduce to their near horizon geometries. The naive dS2 geometry
describes a typical monopole black hole solution and is given by
dS2 = −
(
k − r
2
b2
− µ
r2
)
dt2 +
(
k − r
2
b2
− µ
r2
)−1
dr2 , (3.6)
where µ = −(GN Qˆ2) is the reduced mass of the black hole. The gravitational potential generated
by µ leads to a central force, which in turn is governed by 1/r3 law and hints at the existence
of an underlying theory of gravity in five dimensions. It favors the assertion of three extra large
dimensions in addition to the 2D black hole geometry within a curved D3-brane frame-work
[13, 18]. Incorporating the required large extra dimensions one may alternately elevate 2D near
horizon geometry to an appropriate dS2×S3 or an AdS2×S3. The idea is in agreement with the
dS5/CFT construction [2] in quantum gravity and with the established AdS5/CFT correspondence
in string theory [4].
On the other hand, the observed tunneling between dS and AdS vacua can be explained by
analyzing the behavior of Hawking temperature (2.20), for k = 1, TH = (1/4π)[r
−1
h − Λrh] in
presence of radiation. For instance an AdS4 RN-like black hole has been shown to possess to a
Schwarzschild radius and can be obtained from the vacuum solution to the 5D effective theory
In the regime, the TH increases with the Hawking radiation and reaches a local maxima, where
the AdS geometry transforms to the dS RN-like black hole. Subsequently, TH drops gradually
to zero with the radiation and is governed by an extremal RN-like geometry. Further decoupling
of gauge nonlinearity is favored leading to a rise in TH to the Hagedorn temperature. There,
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the Hawking radiation ceases and the extremal RN black hole was identified with a monopole
solution. On the other hand, for large r, the black hole solution reduces to a pure dS geometry.
The analysis suggests that a presumably stable AdS vacuum in a curved brane theory exhibits
quantum tunneling and can make its way to dS vacuum in the low energy regime.
3.3 Five dimensional perspective in curved brane-world
In principle the AdS5 gravity, in the string bulk, may be obtained from a higher dimensional
theory, such as M -theory [35, 36] or F -theory [26]. Since a D3-brane is described in a type IIB
string theory, we consider a compactification on K3× S1 there. The 5D effective string action in
Einstein frame may be given by
S = −
∫
d5x
√
G˜E
[
1
16πG˜N
(
R˜− 2Λ˜
)
− 1
3
(∂Φ)2 − 1
2
F˜
(k)
1 CklF˜ (l)1 −
1
4
F˜
(p)
2 DpqF˜ (q)2
]
. (3.7)
where G˜N denotes the Newton constant, Φ is the dilaton and Z˜ is a normalization constant in 5D.
The moduli matrices Ckl and D˜pq describe their couplings to the gauge fields in the theory. The
effective cosmological term in the action is generated by the multiple five-form field strengths. It
is given by
Λ˜ =
πZ˜G˜N
30
F˜
(m)
5 LmnF˜ (n)5 . (3.8)
At the extrema of the potential , the moduli Lmn take a constant value. Thus for stable moduli,
Λ˜ can be interpreted as a cosmological constant in 5D effective string theory (3.7). The multiple
zero-forms in the 5D theory can make Λ˜ = −6/b2 large. This in turn would give rise to a small
periodicity β = 2πb in the time coordinate unlike to that in 4D. Interestingly, for Λ˜ = 0, the
black hole solutions in the curved brane frame-work were obtained in a collaboration [18]. They
are shown to describe the gravity dual proposed for D3-brane in presence of a constant magnetic
field [23]. However for Λ˜ 6= 0, one can check that an appropriately elevated geometry (3.6) to
AdS5, satisfies the equations of motion in the bulk theory (3.7). In fact, the AdS5 geometry can
be formally re-expressed in terms of dS5 by k → −k and when necessary, it can appropriately
be transformed back to AdS5. Interestingly, the dS5 monopole black hole in the frame-work is
characterized by its ADM mass M˜ = −(Qˆ2/4) and may be given by
ds2 = −
(
k − r
2
b2
− 4GNM˜
r2
)
dt2 +
(
k − r
2
b2
+
4GNM˜
r2
)−1
dr2 + r2 dΩ23 . (3.9)
The generic line element on S3 may be given by
dΩ23 = dρ
2 + R2k dΩ
2 , (3.10)
where Rk is the radius of S
2 and can be given by
R0 = ρ , R1 = sin ρ and R−1 = sinh ρ . (3.11)
It is straight-forward to check that the event horizon (3.9) is described, respectively, by a flat, an
elliptic and an hyperbolic geometry, for k = 0, k = 1 and k = −1. However, the horizon radii
(3.3) for the dS5 black hole are worked out to yield event horizon only for k = 1 and k = −1,
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which are, respectively, governed by r+ = (b
2 − 4M˜ )1/2 and r− = 2M˜1/2 for k = −1. The other
horizons, including k = 0 case, turn out to be unphysical there. Analysis reveals that the dS5
black hole event horizon is at r+ and the AdS5 possesses a regular geometry with an event horizon
at r−. The Hawking temperature, in the case, turns out to become
T˜
(k)
H =
2r2h + kb
2
2πb2rh
. (3.12)
Thus, the expression for Hawking temperature is modified in presence of Λ˜. For small black holes,
the Hawking temperature can be approximated by that in absence of cosmological constant. How-
ever for large black holes, the contribution due to the cosmological constant becomes significant
role to define TH in the theory.
Since the semi-classical gravity is obtained in the low energy limit of a string theory, the 5D
monopole black hole geometry (3.9) essentially governs a pure dS vacuum. Interestingly, when the
same geometry is viewed in its gravity dual, i.e. a strongly coupled gauge, theory, it corresponds
precisely to a monopole, with an U(1) magnetic charge Qˆ, in an asymptotically flat geometry.
It suggests that the gauge nonlinearity is completely accountable to the value of cosmological
constant in the 4D brane-world.
3.4 Higher dimensional geometries
The extremal dS4 and AdS4 geometries leading to 2D black holes (3.2) can be seen to be a
potential candidate to shed light on the extra dimensions in a curved brane-world. For simplicity,
we begin with an AdS2 Schwarzschild black hole geometry. In particular, we restrict the back
reaction of the metric, predominantly, to be first order in Θ correction to its reduced mass. Then,
the time component of the metric, just before Θ decoupling may be given by
f1 =
(
1 +
r2
b2
− µ1
r4
)
. (3.13)
where the reduced mass µ1 = −ΘQˆ2eff . The gravitational potential in the case leads to a central
force and can be seen to be governed by 1/r5 law, which in turn implies a 7D space-time there.
Like wise, for higher orders in Θ, it may be possible to argue for the existence of arbitrary (odd)
dimensional manifold, such as D = (9, 11, . . .) in the extremal limit of a large black hole. The
reduced masses (µ2 = Θ
2Qˆeff , µ3 = Θ
3Qˆeff , . . .) re-generated in each step, are defined by a non-
perturbative charge. They satisfy µ1 > µ2 > . . . , for a fixed |Θ| < 1. In other words, the potential
takes its minimum value, which in turn would set-up an upper bound to the dimensions of space-
time geometries. Similarly, some of the even dimensional D = (6, 8, 10, 12. . . .) geometries become
prominent, when the analysis is worked out for a small uncharged black hole. In that case, the
reduced mass µ˜1 = ΘMeff is governed by a central force 1/r
4 and shows the existence of a 6D and
subsequently higher (even) dimensional geometries. It implies that the dimension of space-time
may well be governed by an effective potential V (Θ) in the moduli space and D = (4, 5 . . . 10, 11)
and D = 12 correspond to various stable extrema there.
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4. Summary
To summarize, we have obtained generic de Sitter and Anti de Sitter static black hole geometries
in 4D in a noncommutative brane-world. In particular, a constant moduli case was investigated to
yield an axially symmetric dS and AdS black hole geometries with different horizon topologies. In
addition, a case with an arbitrary moduli was analyzed for the spherically symmetric black holes
in dS and AdS spaces. These black holes were shown to be characterized by their generalized ADM
massMeff , generalized electric or magnetic charge Qˆeff , in addition to (k,Λ). The generalized mass
and charge were shown to incorporate all orders in noncommutative parameters Θ. However, the
O(GN ) was argued to be sensistive to the symmetry of a black hole solution in the frame-work.
For instance, it was shown that an axially symmetric black hole becomes significant to O(G2N ),
while the spherically symmetry was restored to O(GN ). It was argued that the gauge nonlinearity
in the theory enforces back reaction into the metric. The multiple gauge fields in the frame-work
were shown to incorporate a shrink in the radius of event horizon. The extremal dS and AdS
with different horizon geometries with a constant curvature were obtained. It was shown that the
axially symmetric solution retains its spherical symmetry in the extremal limit. The moduli in the
theory were shown to be governed by the electric (magnetic) charges at the event horizon of the
dS and AdS black holes, which in turn reconfirms the attractor behavior of event horizon in the
frame-work. In addition, the emerging notion of two dimensional de Sitter monopole black hole
in the curved brane frame-work is significant. Thus, the dS2 vacuum appears to be a potential
candidate to explore some of the quantum gravity aspects in the frame-work.
It was shown that the event horizon of the extremal AdS coincides with a curvature singularity
in the dS space, leading to a single geometry in 2D. The effective gravitational potential associated
with the reduced mass of extremal dS black hole was analyzed to confirm the presence of three
extra large dimensions in the regime. The Hagedron transitions in the near horizon geometry
of dS5 monopole black hole was analyzed to decouple the Θ-terms. The new dS5 vacuum with
a nontrivial cosmological potential possibly describes our brane-world, i.e. a D3-brane, at its
boundary. The potential was argued to be at its local minima on the brane-world and describes
a small positive constant Λ. Different space-time dimensions may be guided by different vacua at
its extremum in the moduli space.
It may be interesting to extend the curved brane-world, inspired by a noncommutative D5-
brane in type IIB string theory or in a D = 12 construction for low energy gravity theory. With
an appropriate choice of nonlinear EM-field, it may be possible to obtain dS4 and AdS4 black
hole geometries using the noncommutative scaling in the theory. Then, the emerging large 4D
black hole may provide some concrete clue to the tunneling between dS and AdS vacua in the
low energy string theory.
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